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Abstract
It is shown that the recently proposed interpretation of the transposed
equi-affine theory of gravity as a theory with variable Plank ”constant” is
inconsistent with basic solar system gravitational experiments.
Recently a new model of gravity involving propagating torsion was proposed
by A. Saa [1]-[5]. In this model a special type of Einstein-Cartan geometry is
considered in which the usual volume element
√−g d4x is replaced with new
one: e−3Θ
√−g d4x – covariantly constant with respect to the transposed affine
connection ∇T , hence the name transposed-equi-affine theory of gravity [6]. As
a result the torsion vector Sα = Sαβ
α turns to be potential: Sα = ∂αΘ, Θ being
its scalar potential 1.
Because of the exponential factor e−3Θ in the volume element Saa’s model
has a very important feature: it leads to a consistent application of the minimal
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1We use the Schouten’s normalization conventions [7] which differs from the original ones in
[1]–[5].
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coupling principle both in the action principle and in the equations of motion for
all matter fields. These equations are of autoparallel type and may be derived
via the standard action principle for a nonstandard action integral:
Atot = AG +AMF = 1
c
∫
LG e−3Θ
√−gd4x+ 1
c
∫
LMF e−3Θ
√−gd4x, (1)
where LG = − c22κR is the lagrangian of the geometrical fields: the metric gαβ, and
the torsion Sαβ
γ , R being the Cartan scalar curvature, c being the speed of light,
and LMF is the usual lagrangian of the corresponding matter fields: scalar fields
φ(x), spinor fields ψ(x), electromagnetic fields Aα(x), Yang-Mills fields Aα(x),
e.t.c.
But this property not held for the equations of motion of classical particles
and fluids which turn to be of geodesic type [6]. Most probably this inconsistency
leads to the negative result obtained in [8]: Saa’s model is inconsistent with the
basic solar system gravitational experiments.
Then having in mind to preserve the good features of Saa’s model and in
the same time somehow to avoid this problem we are forced to try some further
modifications of the model. The simplest one is to use the Saa’s modification
of the volume element only in the action integrals like (1) and the usual volume
element in all other physical, or geometrical formulae [6]. This leads to the action
for a classical spinles particle in a form:
Am = −mc
∫
e−3Θds (2)
where m is the rest mass of the particle and ds =
√
gαβdxαdxβ is the usual four-
dimensional interval. The corresponding action integral for spinless fluid (See for
details [6]) is:
Aµ = 1
c
∫
Lµ e−3Θ
√−gd4x = −1
c
∫
(µc2 + µΠ) e−3Θ
√−gd4x, (3)
µ(x) being fluid’s density, Π being the elastic potential energy of the fluid.
This situation calls for a new curious interpretation of the torsion potential Θ
as a quantity which describes the space-time variations of the Plank ”constant”
according to the law
h¯(x) = h¯∞e
3Θ(x), (4)
h¯∞ being the Plank constant in vacuum far from matter.
Indeed, according to the first principles we actually need lagrangians and
action integrals to write down the quantum transition amplitude in a form of
Feynman path integral on the histories of all fields and particles. In the variant
of the theory under consideration it has the form:∫
D
(
gαβ(x), Sαβ
γ(x), φ(x), ψ(x), Aα(x),Aα(x), ...; x(t), ...
)
exp
(
1
h¯∞
(∫
d4xe−3Θ(x)(LG + LMF )−mc
∫
e−3Θds
))
. (5)
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Now it is obvious that the very Plank constant h¯ may be included in the factor
e3Θ(x), but more important is the observation that we must do this, because
the presence of this uniform factor in the formula (5) means that we actually
introduce a local Plank ”constant” at each point of the space-time. Indeed, if the
geometric field Θ(x) changes slowly in a cosmic scales, then in the framework of
the small domain of the laboratory we will see an effective ”constant”: h¯(x) ≈
h¯∞e
3Θ(xlaboratory) = const = h¯.
In presence of spinless matter only an Einstein-Cartan geometry with semi-
symmetric torsion tensor Sαβ
γ = S[αδ
γ
β] appears and the following equations for
geometrical fields are obtained
Gµν +∇µ∇νΘ− gµν✷Θ = κ
c2
((ε+ p)uµuν − pgµν)
∇σSσ = ✷Θ = −2κ
c2
(ε+ 3p) (6)
where Gµν is Einstein tensor with respect to the affine connection ∇µ, κ being the
Einstein gravitational constant, ε, p and uµ are the energy density, pressure and
four velocity of the relativistic perfect fluid [6]. Using the standard variational
principle for the action (3) one can obtain the equations of motion for the perfect
fluid:
(ε+ p)uβ∇βuα =
(
δβα − uαuβ
)
∇βp+ Fα (7)
where
Fα = −2(ε+ p)
(
δβα − uαuβ
)
∇βΘ
is the torsion force, as defined in [6].
This nonzero value of the torsion force shows that in the present model with
variable Plank ”constant” (VPC model) the matter equations of motion are not
of autoparallel, nor of geodesic type in contrast to all equations for matter fields
which are of autoparallel type. This inconsistency of the model is not enough to
reject it immediately as far as the very requirement for all dynamical equations in
theory to be of the same type is not founded on a well established principle, nev-
ertheless it seems to be necessary for validity of the corresponding generalization
of the equivalence principle in spaces with torsion [9].
The main purpose of this letter is to investigate the consistency of the VPC
model with basic solar-system experimental facts. To do this we have to consider
the motion of a test particle in presence of a metric and torsion fields. The
standard variation of the action (2) yields the equations of motion we need, but
it’s more convenient to investigate directly the corresponding Hamilton-Jacoby
equation:
gµν∂µS∂νS =
(
mce−3Θ
)2
. (8)
The conform transformation gµν →
∗
gµν= e
−6Θgµν yields the effective metric
∗
gµν
and the following form of the equation (8)
∗
g
µν
∂µS∂νS = m
2c2 (9)
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which is well known from general relativity. Thus we may consider the motion
of a test particles precisely as in general relativity working with the metric
∗
gµν .
Therefore the simplest way to compare the predictions of the VPC model with
the experimental facts is to consider post-Newtonian expansion of the metric
∗
gµν
in vacuum in vicinity of a star like the Sun.
The asymptotically flat, static and spherically symmetric general solution of
the equations (6) for geometric fields in vacuum is known [11], [12]. In isotropic
coordinates it’s given by a two-parameter – (r0, k) family of solutions
ds2 =
(
1− r0
r
1 + r0
r
) 2
ρ(k)
(c dt)2 −
(
1− r
2
0
r2
)2 (
1− r0
r
1 + r0
r
) 2
ρ(k)
(3k−1) (
dr2 + r2dΩ2
)
, (10)
Θ =
k
2
ν (11)
where ρ(k) =
√
3
(
k − 1
2
)2
+ 1
4
. In the VPC model under consideration the whole
geometry (metric and torsion) causes a gravitational force (of pure geometrical
nature). The parameter k presents the ratio of the torsion part of this force and its
metric part. In the case when k = 0 we have the usual torsionless Schwarzshild’s
solution and rg ≡ 4r0 is the standard gravitational radius.
From equations (11) we obtain the effective metric
∗
gµν and the effective four-
interval
d
∗
s
2
=
(
1− r0
r
1 + r0
r
) 2
ρ(k)
(1−3k)
(c dt)2 −
(
1− r
2
0
r2
)2 (
1− r0
r
1 + r0
r
) −2
ρ(k) (
dr2 + r2dΩ2
)
. (12)
The asymptotic expansion of the metric in (12) at r →∞ gives
d
∗
s
2≈
(
1− 4r0(1− 3k)
ρ(k)r
+
8r20(1− 3k)2
ρ(k)2r2
)
(c dt)2 −
(
1 +
4r0
ρ(k)r
) (
dr2 + r2dΩ2
)
.(13)
In the asymptotic region r →∞ we must have Newtonian gravity. Consequently
the mass ”seen” by the test particles is
M =
2r0(1− 3k)
ρ(k)
. (14)
Therefore we may represent the effective four-interval in the asymptotic form
d
∗
s
2≈
(
1− 2M
r
+
2M2
r
)
(c dt)2 −
(
1 +
1
1− 3k
2M
r
) (
dr2 + r2dΩ2
)
. (15)
From the above expression it immediately follows that two of post-Newtonian
parameters corresponding to the effective metric
∗
gµν are
∗
β= 1,
∗
γ=
1
1− 3k . (16)
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As it’s well known, solar system gravitational experiments set tight constrains on
post-Newtonian parameters [14]:
|
∗
β −1 |< 1 ∗ 10−3, | ∗γ −1 |< 2 ∗ 10−3. (17)
Therefore, to avoid contradictions with the basic experimental facts we must have∣∣∣∣∣ 3k1− 3k
∣∣∣∣∣ < 2 ∗ 10−3. (18)
In order to specify the theoretically possible values of k we must investigate a
model of a star. As a simplest basic model we may consider a static spherically
symmetric star. Putting the metric in the standard form
ds2 = eν(c dt)2 − eλdr2 − r2(dθ2 + sin2(θ)dϕ2)
we obtain from the general field equations (6), (7) the following complete system
of ordinary differential equations for the star’s fluid equilibrium
ξ′ +
2
r
ξ +
(
2ξ − λ′
2
)
ξ − 3Srξ = −(ε+ 3p)eλ
S ′r +
2
r
Sr +
(
2ξ − λ′
2
)
Sr − 3S2r = −(ε+ 3p)eλ
eλ −
(
1 +
r
2
(2ξ − λ′)
)
= −3rSr + 2(ε+ 2p)r2eλ
ξ′ − λ
′
2
ξ + ξ2 − λ
′
r
= 3S ′r −
3
2
λ′Sr + 3S
2
r − 2(ε+ 2p)eλ
p′ = −(ε+ p)(ξ − 3Sr)
p = p(ε) (19)
where ξ = 1
2
ν ′ , Sr = Θ
′, p = p(ε) is the matter state equation, ε and p are the
energy density and the pressure. The prime denotes differentiation with respect
to r.
The regular at the center of the star (r = 0) solution corresponds to the initial
conditions [13]:
ξ(0) = 0, Sr(0) = 0.
As we see the first two equations of the system (19) coincide. Then by virtue of
the same initial conditions for ξ and Sr we obtain equal solutions ξ = Sr. Hence,
in VPC model the only possible value of the parameter k is k = 1. This means
that in this model the torsion part of gravitational force equals to the metric
one in magnitude. As a consequence it is impossible to fulfill the condition (18).
Moreover, if r0 > 0 the value k = 1 leads to a negative mass of the star (See
equation (14)).
This result shows that the interpretation of the Saa’s model as a theory with
variable Plank’s constant is inconsistent with the well known solar system gravi-
tational experiments.
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